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Abstract. A class of constrained multiobjective fractional programming problems is considered
from a viewpoint of the generalized convexity. Some basic concepts about the generalized convexity
of functions, including a unified formulation of generalized convexity, are presented. Based upon
the concept of the generalized convexity, efficiency conditions and duality for a class of multiob-
jective fractional programming problems are obtained. For three types of duals of the multiobjective
fractional programming problem, the corresponding duality theorems are also established.
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1. Introduction

A number of optimization problems are actually multiobjective optimization prob-
lems (MOPs), where the objectives are conflicting. As a result, there is usually no
single solution which optimizes all objectives simultaneously. A number of tech-
niques have been developed to find a compromise solution to MOPs. The reader is
referred to the recent book by Miettinen [16] about the theory and algorithms for
MOPs. Fractional programming problems(FPPs) arise from many applied areas
such as portfolio selection, stock cutting, game theory, and numerous decision
problems in management science. Many approaches for FPPs have been exploited
in considerable details. See, for example, Avriel et al. [3], Craven [5], Schaible
[24, 25], Schaible and Ibaraki [26] and Stancu-Minasian [27, 28].

In this paper, we consider the following multiobjective fractional programming
problem:

fW) A (A@) H® L)
(MFP) min -5 = <g1(x)’g2(x)’ ’gi(x)) ’
st. h(x) €0,x e X,
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where X C R" is an open set, fi, g (i = 1,2,---, p) are real-valued functions
defined on X, and % is an m-dimensional vector-valued function defined on X.
Suppose that f;(x) > 0and g;(x) > 0forx e Xandi =1,2,---, p. Moreover,
let fi,gi(i =1,2,---,p)and h; (j = 1,2,---,m) be continuously differenti-
able over X and denote the gradients of f;, g; and &; at x by V fi(x), Vg;(x) and
Vh;(x), respectively.

If the parameter p in the problem (MFP) is equal to 1, then (MFP) corresponds
to the following single-objective fractional programming problem:

in L&)
(FP) min 2(0)"
st. h(x) <0,x X,

where X C R™ is an open set, f, g are real-valued functions defined on X, and &
is an m-dimensional vector-valued function defined on X, f(x) > 0and g(x) > 0
for all x € X. Moreover, assume that f(x), g(x) and h;(x) (j =1,2,--- ,m) are
continuously differentiable over X.

Khan and Hanson [10], and Reddy and Mukherjee [21] considered the op-
timality conditions and duality for (FP) with respect to the following generalized
concepts of convexity, respectively.

DEFINITION 1.1. [6] Let f be a real function defined on an open set X C R”"
and differentiable at xy. Given a mapping  : X x X — R", the function f is said
to be invex at xo with respect to n if, Vx € X, the following inequality holds:

f(x) = fxo) =V f(xo) n(x, x0).

DEFINITION 1.2. [7] Let f be a real function defined on an open set X C R”"
and differentiable at xo. Given a real number p, a mapping n : X x X — R" and
a scalar function d : X x X — R, the function f is said to be p-invex at xq with
respect to n and d if, Vx € X, the following inequality holds:

F(x) = fxo) = V£ (xo) n(x, x0) + pd*(x, xo).

The authors of references [10, 21] imposed the corresponding generalized convex-
ity on the numerator and denominator individually for the objective function in
the problem (FP), and then derived some optimality conditions and duality results.
How to extend these methods to the multiobjective case is still an open problem
[21].

As far as the multiobjective fractional problem (MFP) is concerned, Jeyakumar
and Mond [8] introduced a concept of v-invexity as follows.

DEFINITION 1.3. Let f : X — R?” be a real vector function defined on an open
set X € R" and each component of f be differentiable at xq. The function f is said
to be v-invex at xo € X if there exist a mapping n : X x X — R” and a function
o XxX—>R.N\{0}(i=1,2,---, p)such that, Vx € X,

fi(x) — fi(xo) = a;(x, x0)V f; (x0) " n(x, x0).
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Jeyakumar and Mond [8] obtained some weak efficiency conditions and duality
results for a nonconvex multiobjective fractional programming problem via the
concept of v-invexity, v-pseudoinvexity and v-quasiinvexity.

Motivated by various concepts of generalized convexity, Liang et al. [12] in-
troduced a unified formulation of the generalized convexity, which was called
(F, a, p, d)-convexity, and obtained some corresponding optimality conditions and
duality results for the single-objective fractional problem (FP). In this paper, we
will extend the methods adopted for the single-objective problem (FP) in [12] to
the multiobjective problem (MFP).

DEFINITION 1.4. A function F : R" — R is said to be sublinear if for any
o1, O € R",

F(ai +az) < F(o) + F(az), 1)
and forany r € R,, @ € R",
F@ra) =rF(x). 2

Note that the concept of the sublinear function was given in Preda [20]. Now, a
sublinear function is defined simply as a function that is subadditive and positively
homogeneous, which is free of extraneous symbols in Preda [20]. It follows from
(2) that F(0) = 0.

Based upon the concept of the sublinear function, we recall the unified formula-
tion about generalized convexity, i.e., (F, «, p, d)-convexity, which was introduced
in [12] as follows.

DEFINITION 1.5. Givenanopenset X C %", anumber p € R, and two functions
a:XxX—> R, \{0}and d: X x X — R, adifferentiable function f over X is
said to be (F, «, p,d)-convex at xo € X if forany x € X, F(x,xp; -) : R*" > R
is sublinear, and f(x) satisfies the following condition:

f(x) = f(x0) = F(x, x0; a(x, x0)V f (x0)) + pd?(x, xp). (3)

The function f issaidto be (F, «, p, d)-convex over X if, Vxg € X, itis (F, «, p, d)-
convex at xg; f is said to be strongly (F, «, p, d) — convex or (F, a) — convex if
p > 0or p =0, respectively.

From Definition 1.5, there are the following special cases:

(1) If a(x,xg) = 1forall x,xo € X, then (F,a, p,d)-convexity is (F, p)-
convexity [20].

(i) If F(x, xo; a(x, x0)V f(x0)) = Vf(x0) n(x, xe) for a certain mapping n :
X x X — R", then (F, «, p, d)-convexity is p-invexity defined in [7].
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(iii) If p = 0ord(x,xg) =0 forall x,xp € X and F(x, xo; a(x, x0) V f(x9)) =
V f (x0) ' n(x, xo) for a certain mapping n : X x X — R", then (F, a, p, d)-
convexity reduces to invexity [6].

In the following, p, « and d are referred to as parameters of (F, «, p, d)-convexity.
Furthermore, we will adopt the following conventions.

Let R”; denote the nonnegative orthant of R" and xT denote the transpose of the
vector x € R". Forany two vectors x = (x1, X2, - -+, x,) 7,y = (1, y2, -+ , y) T €
R", we denote:

x =y implying x, =y, i=1,2,--- ,n;

x <y implying x; <y, i=1,2,---,n,but x # y;
x <y implying x; <y, i=1,2,--- ,n;

x Ay implying y; < x; foratleastone i.

A solution of the problem (MFP) is referred to as an efficient (Pareto optimal)
solution, which is defined as follows.

DEFINITION 1.6. A feasible solution x, € X of (MFP) is called an efficient
solution of (MFP) if there exists no other feasible solution x € X such that

f@)  fxo)

< .
g(x)  g(xo)

In [14], Maeda gave a kind of constraint qualification, which was called generalized
Guignard constraint qualification(GGCQ), under which he derived the following
Kuhn-Tucker type necessary conditions for a feasible solution x, to be an efficient
solution to the problem (MFP):

If xo is an efficient solution of (MFP) and (GGCQ) holds at xq (Ref. [14]), then
there exist )
T=(r,7, ) €R,t>0,Yr=1andr = (A, A2, -+, Aw)" € R?

i=1
such that

i(x) m
,{]:1 Tiv% + Zj:l )\.J‘th()Co) = 0,

Ahi(x) =0, j=1,2--.,m.

This paper is organized as follows. In Section 2, efficiency conditions for the
multiobjective fractional problem (MFP) involving (F, «, p, d)-convexity are pre-
sented. The duality properties of the problem (MFP) are studied in Section 3,
including several duals for (MFP) and some weak and strong duality theorems.
Concluding remarks are given in the last section.
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2. Efficiency Conditions

First, we present a lemma which indicates that (F, «, p, d)-convexity can be pre-
served after taking division.

LEMMA 2.1. Let X C R" be an open set. Assume that p, ¢ are real-valued
differentiable functions defined on X and p(x) > 0,q(x) > Ofor all x € X. If
p and —q are (F, «, p, d)-convex at xo € X, then g is(F,a, p,d)-convex at xg,
where

d(x, xo)

1 .

q?(x)

p(x0)
q(xo)

a(x’xo) — w’ﬁ: p<1+
q(x)

Proof. For any x € X, we have

), and d(x, xo) =

px) plxo) _ p(x) = ptro)  pro)(g(x) —q(x0))
q(x)  gq(xo) q(x) q(x)q(xo)
By the (F, a, p, d)-convexity of p and —¢g, and p > 0, g > 0, we obtain

g((;c)) B 5((§8§ 2 q(lx) (F(x’ xo; a(x, XO)VP(XO)) + ,Odz(x, )CO)>

% (F(x’ x0; —a(x, x0) Vg (xo)) + pd?(x, x0)>,

Based on the sublinearity of F and p > 0, g > 0, the following inequalities can be
obtained:

p(x) _ p(x) F( .Ot(x,xo)vp(xO))+pd2(x,xo)

X, X0;

g(x) ~ q(xo) q(x) q(x)
. a(x, x0) p(x0) d?(x, x0) p(xo)
+r <”°’ Gz (x(’)) MCTEoMTEn)
> Flx xo: @ X0)  g(x0)Vp(xo) = p(xo) Vg (xo)
S GT €Y q(X0)
p(xo) \ d2(x, xo)
o (“ q(xo>> 40
_ . a(x, x0)g(xo0)  p(xo)
= F(x’x‘” 70 Vq(x@)
p(xo) | d2(x, xo)
“’(” q(xo>> g
Denote
o(x, xg) = w,ﬁ = p(l + P(x0)>’ and g(x, Xg) = d()lc’XO).
q(x) q(xo) 2t (x)

Then we have

px)  px) > 1«"(x,xo;5(x,xo)V
qg(x)  q(xo)

p(x0)
q(xo)

) +7d (x,x0) Vx € X.
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Therefore, £ is (F, @, D, d)-convex at xg. O
In the following, we present some sufficient efficiency conditions for (MFP)
under appropriate (F, «, p, d)-convexity assumptions.

THEOREM 2.1. Let xq be a feasible solution of (MFP). Suppose that there exist

P
T=(t, 7, ) €RY, >0, Y =1andr= (A1, A, -+, An)' €R?
i=1
such that
P
fz( 0)
IAY +) A;jVhj(x0) =0, 4)
g 8i(x0) Z °
)\']h](-xo) _0’ .] - 15 25 s ML (5)

Iffl and_gt i=12-- , p)are(F, oti,,ol-,di)—conve(atxo,hj (= 1,2,---,m)
is(F, B, ¢, c;)-Convex at xg, and

p
leci(xxo) Z/JC(XXO)>O’ (6)

— o;(x, xg) Bj(x, xo)

where; (x, xo) = 2 X080 5 — p, <1+f’8§°§) andd (x, xo) = 4G220),
st g (x)

then xo isa global efficient solution for (MFP).
Proof. Suppose that x, is not a global efficient solution of (MFP). Then there
exists a feasible solution x such that

J(x) f (o)

g(x) g(xo)
thatis, fori =1,2,--- , p,
Ji(x) ﬁ(xO)
8i (x) 8i(xo)

and at least one inequality holds strictly.
By Lemma 2.1, foreachi, 1 <i < p, g is (F,a;, p;, d;)-convex, i.e.,

i) Jilxo) F(x,xo;ai(x,xowﬁ(x")) +pid, (x, x0),
gi(x)  gi(xo) gi(xo)
where
%, (x. xg) = ai(x,XO)gi(xO)’ﬁi — ) (1+ fi(xo))’ and . (x. xo) = d (x xo).
gi(x) gi(XO) g (x)

Since «; (x, xg) > 0, by the sublinearity of F, we have

—2
_ 1 (fi(x) _ ﬁ(xo)) > F<x,xO;Vfi(x0)) +ﬁii"(x’x°),
a;(x,x0) \ gi(x)  gi(xo) gi(xo) a;(x, xp)
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where the left-hand side of the above inequality is less than or equal to zero. Hence,
we obtain the following p inequalities,

i d
F(X’XO;vf(xo)>+p (x, x0) <0i=12 - .p

&i(xo) a;(x, xo)

and at least one inequality holds strictly.
Multiplying the above p inequalities with ;, respectively, and then adding them
together, we have

p p
fz(xo) d (x, Xo)
;ri (x xp; V )—I—Z T, 0 ’&(x Xo)

8i (-xO)

By the sublinearity of Fandt; > 0( =1,2,---, p), we know that

p

fz(xo)) < fz(xo))

i F| x, xo; 'V )
;T <x o 8i (xo0) Z 8i (x0)

i=1

Hence, we get

p p
fi(xo)) d (x, x0)
F\ x, xo; Y% 0, —— < 0. 7
(x o ;T 8i(xo) 21: @;(x, Xo) )
Substituting (4) into (7), we obtain
F(x, xo: Z,\ Vi, (xo))+zp:r d;x. x0) <0 )
=1 Pi l(x xO)
The sublinearity of F and (6) yield
p
F(x, xo: — Z Vo) + 3 r,—,figjj—jﬁg;
+F(x, Xo; Z 3,V (x0)) + Z A 4“]; ((fc ig;
P _d(xx) C(Xxo)
> X nPig rxe) T Z* 5B, %)
> 0.
Using (8), we obtain
(x Xo)
F(x, xo; Z,\ Vh;(x0)) +Zx ;“]ﬂ - x‘;) >~ 0. 9)
J

j=1
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On the other hand, for j =1,2,--- ,m, by the (F, B;, ¢;, cj)-convexity of i ;, we
have

hj(x) = hj(x0) = F(x, x0; Bj(x, X0) Vh(x0)) + ;€5 (x, X0).

By using A; > 0, B;(x, xo) > 0 and the sublinearity of F, we have

" hi(x) — hi(xo) c%(x, xo)
AL > F ;Y A;Vh; + ) A

; T Bi(x, xo) (x, %0; ]2; 1(x0)) Z gh]ﬂ;(x x0)
Since x is feasible and g; (x, xo) > 0, (5) implies that

i)\jhj(x)_hj(xo) <o.

i Bj(x, xo0)
Then, we obtain

Fx, x Z,\ Vh (x ))+Zx ¢; ¢j(x. x0) <0 (10)

> ° ’ﬂ,( xo)

j=1

which contradicts (9). Therefore, xq is a global efficient solution for (MFP). a

COROLLARY 2.1. Letxq beafeasble solution of (MFP). Suppose that there exist

p

T:(T17T27"' 7Tp)T€R-[:-1T >OlZTl:11and)":()“l7)"2, 7)"m)TER3-1
i=1

such that

= &i(xo)
Ajhj(x0) =0, j=12---,m

34V LS5 () = 0,
=1

If f; and —g;(i = 1,2,---, p) are strongly (F, «;, p;, d;)-corvex (or (F, a;)-
convex) at xo, h;(j = 1,2,--- ,m) isstrongly (F, B;, ¢;, c;)-convex (or (F, B;)-
convex) at xq, then xq isa global efficient solution for (MFP).

Proof. We use the same notations as those in Theorem 2.1. Since p; = p; <1 +

% and fi(xo) > 0,g/(x0) > 0,i = 1,2,---, p, under the assumptions

of this corollary, we know that the inequality (6) holds. Therefore, xq is a global
efficient solution of (MFP). a
Fori=1,2,---, p,ifg;(x) = 1forall x € X, f;(x) need not be nonnegative,
and the functions involved are assumed to be invex, p—invex with respect to n :
XxX — R",d: X xX — R, (F,p)-convex, or generalized (F, p)-convex,
respectively, then we can obtain the corresponding results presented in [1, 2, 9].
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Next, we consider a special case of (MFP), in which the fractional objective
functions have the same denominator. For i = 1,2,---, p, let g;(x) = g(x)
in (MFP). The property about the efficient solution of this special (MFP) can be
obtained similarly as that in Theorem 2.1, so we state the following theorem:

THEOREM 2.2. Let xq be a feasible solution of (MFP). Suppose that there exist

p

T:(Tl’rz""vtp)TER-[:JT >012Ti :1,and)\.:()\-l,)\.2, ,)\'m)T GRT
i=1

such that

flf,vfl((jfo)) + Zx Vh;(x0) = 0,

)\jhj(XO)ZO _]—1 2

If —g is(F,a, p,d)-convex at xq, f; (i = 1,2,---, p)is(F,«, p;, d)-convex at
— )4 m

xo,h;j(j=1,2,--- ,m)is(F,a,¢;,d)-convex at xg, and ) 7;p; + > A;¢; >0,
i=1 j=1

a(x, x0)g(xo)
g(x)
then xq isa global efficient solution for (MFP).

P = pi t+ lofl(XO) and E(X,XO) = —d(x’x())

where @(x, xo) = 2(xp) ’ 2(x) |
g2 (x

Finally, we present an equivalent formulation of the problem (MFP). Let G(x) =
[T %), Gi(x) = gg; (i=1,2,---, p). Then (MFP) can be written in the

following form:

glx) Gx)y ° Gx) 7 Gl
st. h(x) <0,x € X.

GTFP) min L0 _ (C10A®) G0 fo) G;:(x)fp(x))T,

By Theorem 2.2, we have the following corollary:

COROLLARY 2.2. Letxq beafeasible solution of (MFP). Suppose that there exist

)

T=(n,1,,7)  €R}, >0 Y7 =1andr= (A, Az, -+, An)" € R?
i=1

such that

Zflvﬁgx()% + Zx Vh;(x0) = 0,

Ajhj(xg) =0, j—l 2,
If —Gis(F,a, p,d)-convexatxy, G; f; i =1,2,--- ,p)ls(F a, p,,d) -convex at
x0,hj (j=1,2,---,m)is(F,a,¢;,d)- convexatxo,aner,pIJrZA gj =20,
i) DN

8i(x0)’
then xq isa global efficient solution for (MFP).

a(x, xo)G(xg)

Oz(x,xo) = T, and d('x’XO) — d(X,XO)

X



456 Z. A. LIANG, H. X. HUANG AND P. M. PARDALOS

Under the assumptions of Theorem 2.2 or Corollary 2.2, if p > max p;, p; =

<isp

1+ f’((;co))) orp, = pi <1 + ?EXOD respectively, then the corresponding

results still hold.

3. Duality

In optimization theory, there are many types of duals for a given mathematical
programming problem. Two well-known duals are the Wolfe type dual [29] and
the Mond-Weir type dual [17]. Recently, the mixed (or general type) dual has been
considered for various optimization problems [1, 2, 11, 13, 18, 19, 20, 30, 31, 32].
The mixed dual includes the Wolfe type dual and the Mond-Weir type dual as
special cases. In the sequel, the generalized Mond-Weir dual is discussed first, and
then three other types of duals are presented, which are based on (F, «, p, d)-
convexity for the problem (MFP).

Let M = {1,2,--- ,m} and Mo, My, --- , M, be a partition of M, i.e., [J]_,
M, = M, M (\ M, = @ for k # 1. The generalized Mond-Weir dual of (MFP) is
as follows:

max ch((u))-i-)» Jon (W) e =

T

st Z v??}+ZAthy_o
i=1 4

L g () > 0k=12

P
T=(n,7,7) €RY,T>0Y15=1

o € R k=0,1,2,-- ¢
u e X,

where e = (1,1, ---,1)T and Ay, denotes the column vector whose subscripts of
components belong to M. In particular, if My = M, M, = 3,k =1,2,--- ,q,
then the above dual becomes the Wolfe type dual; if My = #and ¢ = 1, M; =
M, the Mond-Weir type dual is obtained. Since the Wolfe type dual is unsuitable
for single-objective fractional programming problems [15, 22, 23], the duals with
My # ¢ are certainly unsuitable for (MFP). For the generalized Mond-Weir type
dual, we only consider the case My = ¥, M; = M, i.e., the Mond-Weir dual.

3.1. MOND-WEIR DUAL

The Mond-Weir dual of the problem (MFP) has the following form:
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T
MFDL @ _ (A ha  fw
(MFDI) max g0~ \& " g )

st Z vflg"§+2x Vh;(u) =0,

ATh(u) >

p
T=(t,72, -, €R’,T>0,) =1,
i=1
A= ()\’1’)\'2"" a)\'m)T € Rz,u e X.
THEOREM 3.1. (Weak Duality) Assume that X is a feasible solution of (MFP)
and (u, T, A) isafeasible solution of (MFDY).If fand —g; i = 1,2,---, p) are

(F,a;, pj,d;)-convexatu, h; (j =1,2,--- ,m)is(F, B, ¢;, cj)-convex at u, and
the inequality
P d®W) oo AU
) TP L w2 )
i=1 j=1
holds, where o; (x, u) = «;(x, u)gEx; 0 = <1 + f,gu;) and d;(x,u) =
4i(X. 1) then we have
g ()
fx , f@
g® " g’

Proof. Suppose that

fx) B f@)
gx)  g@)’
that is,
fix)  fi(w)
<0.i=12--.p. 12
a®  g@ P (12)

and at least one inequality holds strictly.
Foreachi,1 < i < p, by the generalized convexity assumptions and Lemma
2.1, we have

SO _ S F(f, 7w (R, ﬁ)vf‘@) + 5. dE D),
&™) &) : ()
where @ (%, @) = o 7. 5L, 5, = pi(1+ L8 ), and 7z, ) = LD
st &iu) g2 (@)

UsingT; > 0, o; (x, u) > 0 and (2), we get

T (f,-(f) B f,-(ﬁ)) >F(Y ﬁ.?,vﬁ@)ﬁﬁd S0}
o, m\g® gw)” U g u
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Then, by (12), we obtain

i (u d,(x,u
f(i)> _l l—(x u) 05l=1525“
gi(u)

o;(x,u)
Furthermore, at least one of the above inequalities holds strictly. After adding these
inequalities together, we get

F(fﬁ? S p.

p

@\ 4D
ZF(X,M,T,’V '_>+Zfipim<o.

i=1

Hence, it follows from (1) that
—2
(— u Z vf’(”)> Th 0, (13)
— &) - o)
By the (F, B, ¢;, cj)-convexity of hj,j =1,2,---,m, we have
hj(®) —h;@) > F&, @ BE, @) Vh;@) + ;5 (X, ).

Using ; > 0 and B(X, ) > 0, we get

— h;(®) — h;@) _ A (X, ﬁ)
N > PR A Vh @) ==, j=1,2,--- ,m.
) STAT
Adding these inequalities together and using the feasibility of X and (7, T, 1), we
obtain
= 4 (X, )

Z;F( w; A Vh(@) + Y % 9,3—5)

j=1
Using (1) again, we have
FE.i Zx Vi, @) +Zx ¢ ﬂ((f Z)) 0. (14)

Based on the sublmearlty of F, the constraints of (MFD1), (11), (13) and (14), the
following contradiction occurs:

0=F@®u0) = (z u f g% + inth(ﬁ))

S

< (f I fl Q%)JFF(JC I Zx Vh; (@)
L LED | g GED
= _<£”piai(f, 7)) § (x,m>

N

0.
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Therefore, if follows that

f&® , f@
g® " g

O

COROLLARY 3.1. (Weak Duality) Assumethat x is a feasible solution of (MFP),
and (z, 7, 1) isafeasible solution of (MFD1). If f; and —g;(i = 1,2,--- , p) are
strongly (F, «;, p;, d;)-convex (or (F,a;)-convex) atu,and h;(j =1,2,--- ,m)
isstrongly (F, B, ¢j, cj)-convex (or (F, B)-convex) at u, then

f & Y f @)
g " g

Proof. If the conditions of the corollary are satisfied, then o, = p; (1+ %) >

0,¢; > 0. The inequality (11) in Theorem 3.1,

N N6 T) c?(f,u)
2 TPg et LM w2 O

holds since all terms in the expression are nonnegative. Hence, the conclusion of
this corollary holds. a

THEOREM 3.2. (Strong Duality) Assume that x is an efficient solution of (MFP)
and the constraint qualification (GGCQ) holds at x (Ref. [14]). Then there exists
(T.2) € RY x R™ such that (x, 7, A) is a feasible solution of (MFD1), and the
objective function values of (MFP) and (MFD1) at the corresponding points are
equal. If the assumptions about the generalized convexity and the inequality (11)
in Theorem 3.1 are also satisfied, then (x, 7, 1) is an efficient solution of (MFD1).

Proof. Since x is an efficient solution of (MFP) and (GGCQ) holds at x, by the
necessary efficiency conditions, there exists (7, 1) € R} x R, T > 0, such that
(x, T, A) is a feasible solution for (MFD1). It is clear that the objective function
values of (MFP) and (MFD1) at the corresponding points are equal. If (X, T, 1) is
not efficient for (MFD1), then there must exist a feasible solution (x*, t*, A*) of
(MFD1) such that

f) - fx)
g®  gx®)’

which contradicts the weak duality result appearing in Theorem 3.1. Therefore,
(%, T, A) is an efficient solution of (MFD1). O

Fori =1,2,---,p,ifgi(x) =1, a;(x, x9) = 1forall x, xg € X, the object-
ive function f;(x) and constraint functions are (F, p)-convex, then duality results
similar to those in [20] can be obtained. Now, let g;(x) = 1, o; (x, xo) = 1 for all
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x,x0 € X and F(x, xo; V f(x0)) = Vf(x0)T,(x, x0). If p; = 0 and the modified
generalized convexity is imposed on the objective and constraint functions, then
the corresponding results as those in [8] can be obtained; if p; # 0 and other
generalized convexity assumptions are imposed on the objective and constraint
functions, then results similar to those given in [1, 9] can be obtained.

3.2. SCHAIBLE DUAL

In this subsection, we shall consider the following extended form of the Schaible
dual for (MFP) [22, 23]

(MFD2) max A = (Ag, Az, -, A7,

p m
S.t. Z rl-Vu(ﬁ(u) — )\l'gl'(lxl)) + Z vthj(u) = 0,
)

i=1 J
fitu) —Xrigiw) >0, i=12---,p,
vIh(u) >0,
P
7>0,) 1 =1,

i=1
LeRY,TeR{,veERT ueX.

THEOREM 3.3. (Weak Duality). Assume that x is a feasible solution of (MFP)
and (u, T, A, v) isafeasible solution of (MFD2). If one of the following holds:

M fiand —g; (( = 1,2,---,p) are (F,w;, p;,d;)-convex at u , hj (j =
1,2,---,m)is(F, B, ¢;, c;j)-convex at u, and

m

P 2/ = —

_ — . di(x,u) _
E Tipi(1+ X)) +§ v;¢;
i=1

o; (x,u) =

c§ (x, %)

m > 0; (15)

(m fiand —g; (( = 1,2,---,p) are (F,a, p;,d)-convex at u, h; (j =
1,2,--- ,m)is(F,a,¢;,d)-convex at u, and the vectors 7, A, v satisfy.

p m
Z?ipi(l—l-xi)*l-zﬁj{j >0, (16)
i=1 j=1
then
f (f) 47
g(x)
Proof. Suppose that
f® T

g(x)
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i.e.,

fix)
8i (%)

and at least one of the above inequalities holds strictly. Since g;(x) > 0 for each i,
the above inequalities are equivalent to

fi®) <higi(®,i=1,2,-

(1) Since f; and —g; are (F,a;, p;, d;)-convex at u, using the feasibility of
(u, T, A, v) and the sublinearity of F, we have

> fi(®) — g (@)
> fi@@) + FX, % o (X, 0)V f; (@) + p;d? (X, %)
—higi(@) + F (X, u; —o; (X, W)V, b gi (@) + A pid? (X, )
> F(X, ;o (X, W)V, (fi @) — 2i& @) + pi (14 A)dA(x, ).
From 7; > 0 and the sublinearity of F, we also know that
d?(x, )

)\'l7i:1’2"” ’p’

F& w7V (f;(@) — % gi (@) + Tipi (L + i) l(_ D <0,i=12,---,p.
(17)
Furthermore, at least one of these inequalities holds strictly.
Adding the above inequalities together, we obtain
P _ P _ d2 _’ —
S FE T TV (@ - R @) + Y ma+ T et g
i=1 i=1 i (X, 1)
By (1), this indicates that
P — P d?(x, u)
F@E @) TV (/i@ —kigi@)) < — Y Tipi(L+ 1) e
i=1 i=1 ’
On the other hand, the (F, B, ¢;, c¢j)-convexity of h; (j = 1,2,---, m) yields
hj(X) — hj(@) > F(X,@; B(E, W) Vh;(@) + ¢ (x. 1), j =1,2, -
Byv > 0, 8(x, u) > 0and the sublinearity of F, we have
v () —hy@) A, ﬁ)
— > F(x,u;v;Vhju)) +v —— =12 ---,m.
BG. 1) ’ g w

Adding them together, we get

" 0;(h;(X) — h;@) - - F Vi " (X, u)
; G /; (%70 (u>>+Zv];,ﬂ(__
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Using (1), v > 0, B(x, ) > 0, and the feasibility of x and (z, A, v), we obtain

FE v,V (u>>+2v];, 5@ D f) <0,
o LB,
i.e.,
" " e 2(x,u)
FE® Y 0, Vh@) < = 0,42 (19)
; J J le JjSJ ﬂ(x l/t)

Adding (18) and (19) together, and using the sublinearity of £ and the feasibility
of (w, A, v), we have

L — &’ o ¢ (%, 0)

- Z Ti0i(L+ )\i)iali(f’ 7) Z v;; ﬁ(x )

= ) .
> F(x,u; Zl?ivu(fi(ﬁ) —%igi(@)) + F(X, u; _Zleth(ﬁ))
i= j=

> F(x,u;0)=0.

This indicates

L d*(x, ) % (X, )
2T+l Z”ﬂ(x n <

i=1

which contradicts (15). Therefore, the conclusion of the weak duality holds.
() It is clear that the second part of this corollary holds if the parameters «;, d;
and c;, are independent of i or j, respectively. O

THEOREM 3.4. (Srong Duality). Assume X is an efficient solution of (MFP),
and the constraint qualification (GGCQ) holds at x (Ref. [14]). Then there exist
T € RY, A€ R}, ve R}schthat (x,7, A, v) isa feasible solution of (MFD2)
and

fX)
g(x)
Furthermore, if all assumptions in Theorem 3.3 are satisfied, then the correspond-

ing (¥, T, A, D) isan efficient solution of (MFD2).
Proof. Since x is an efficient solution of (MFP) and (GGCQ) holds at x, there

)4
existt € RY, 7 >0, ) 1, =1,v € R? such that
i=1

A=

21 ng?% + Z v Vi, (¥) = 0,

vIh(x) =0.
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Denote
xl’ ﬁ(X) _1’2"”7p7
gi(x)’
T
T = ,,gi(x) i=1,2,---,p,
>
— &i(X)
v]: pvj ’.]:1’2’ ,m
; 8i(X)
Since

v/i®) _ sMViE) — fi)Vei(X)
gl x) g @

’

we can derive the following:

P _ m

Y TiVe(fi(x) —Aigi(x) + Y v;jVh;(x) =0,
i=1 j=1
v h(X) =0,

[i®) —1igi(®) =0,
— p
T,AeR],T>0)7,=171¢€R",

i.e., (x,T, A, ) is a feasible solution of (MFD2). Obviously, the corresponding

objective function value of (MFD2) is equal to AG ((_)) The proof of the last part is
similar to that of Theorem 3.3. a

3.3. EXTENDED BECTOR TYPE DUAL

For a single-objective fractional programming problem in [4], Bector used the pos-
itivity of the denominator to transform the inequality constraints and add them to
the objective by Lagrangian mulitipliers for establishing a kind of dual. Since the
denominators in (MFP) need not be the same, we use the equivalent form (M F P)
of (MFP) to establish the following dual, which is called the extended Bector type
dual of (MFP):
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G1(u) fr(u) + vy by () G ) f, ) + vy b )\ "

(MFD3) max ( ) e, W ’

L Gi(u) f; ol q

st. > uVy W/ (M();-i- Vi1 1) + > Vv, by (u) =0,

i=1 () k=1 g

U;lkth(u) 20, k:l, 2, ’q’

Gi(u) fi(u) + vy hayu) >0, i=1,2,---,p,

P

ZTi:l’T:(T]JTZa"'an)TERf_,T>0,

i=1

MEX, kaERL’]_Wkl, kIO,l,Z,---,q,

THEOREM 3.5. (Weak Duality) Let x beafeasible solution of (MFP) and (u, t, v)
be a feasible solution of (MFD3). Assume that —G is (F, «, p, d)-convex at u,
Gifii=212---,p)is(F,a,p,d)-convexatuandh; (j =1,2,--- ,m)is
(F,a,;,d)-convex atu. If p > max p; and the following inequality holds:

1<i<p
Gi(u) fi(u)+vy hagg (1)
Yiamei(1+ O (20)
+ ZjeMo V¢ + Gu) ZZ=1 ZjeMk v;¢; =0,
then we have

F@) G f)+ v by () e
g(x) G(u)
where G (u) = diag{G1(u),--- , G ,(u)} and each component in e € R” isequal

to 1.
Proof. Suppose to the contrary that

’

f@) G )+ vighu () e
g(x) G(u) ’

Forany i, 1 <i < p, the inequality

fit) _ Giw) fi@w) + v gy (1)
8i(x) h G(u)

is equivalent to the following:

Gi()fitx)  GiGw)filu) + Vg Pty () -
G(x) Gu) =

i.e.,

Gi(x) fi ()G ) — (Gi(w) fi () + vy by ()G (x) < 0.
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Denote

@;(x) = Gi(x) fi(x)G(u) — (G;(u) fi(u) + vﬁohMo(u))G(X)-
Then, by hypothesis, we know that
®;(x) <0,i=1,2,---, p, 1)
and at least one of these inequalities holds strictly.
Since @; (u) = —vj; by, ()G (), we have
Q;(x) = Pi(x) — D;(u) — U}{:[OhMo(M)G(“)
= Gu)(Gi(x) fi(x) — G;(u) fi(w)) + (G, (u) fi (u)
b Bt D) (=G (x) + G () — vl By () G (w).
Note that, fori = 1,2,---, p, —G(x) is also (F, «, p;, d)-convex at u. By the
(F, a, p;, d)-convexity of G;(x) f;(x) and —G(x), G(u) > 0, and G;(u) f; (u) +
Ui Pase () > 0, we get
®i(x) = G)(F(x,u; ax, u)V(G;(u) f;(w)) + pid?(x, u))
+(Gi(u) fi () + vﬂohMo(u))(F(x, u; —a(x, u) VG (u))
+pid?(x, u)) — vﬁohMo(u)G(u)-
Furthermore, using the sublinearity of F and a(x, u) > 0, we obtain
®i(x) = alx,u)F(x,u; G)V(G; () fi()) + G (u)pid®(x, u)
+o(x, u) F(x, u; —(Gi(u) fi(u) + vLOhMO(u))VG(u))
+(Gi ) fi () + vy hogy () pid?(x, u) — vig gy ()G ().

Adding the term « (x, u) F (x, u; G(u)V, (v[@OhM0 (#))) and its negative to the right-
hand side of the above inequality and using the sublinearity of F again, we have

Q;(x) = alx,u)F(x,u; Gw)V(G; ) fi(w)))
+a(x, u)F(x,u; Gw)V, (v;,lohMo(u)))
—a(x, u) F(x, u; Gu)Vy (v har, ) + G () pid?(x, u)
Ho(x, u)F(x,u; —(G;(u) fi(u) + v{,,ohMo(u))VG(u))
+(Giw) f; () + vy hagy (W) prd?(x, 1) — vy hagy () G ()

Z alx, M)F<x, u; GV, (Gi () fi () 4 vy by (u)

—(Gi(u) f; () + vz, b, (u))VG(u))
—a(x, u) F(x, u; Gu)Vy (i by ) + G ) p;d®(x, u)
+(Gi(u) fi (u) + v hary ) pid® (x, u) — vy hagy ()G (u).
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The last inequality is equivalent to the following:

Gu)
—a(x, u) F(x, u; Gu)Vy (i by ))) + G ) p;d®(x, u)
+(Gi(u) fi (u) + v Pty ) pid® (x, ) — vy hagy ()G (u).

. 2 T
(Di(X) > a(x’ M)GZ(M)F<X’ u: Vu Gl (I/l)fl(u) + vMohMO(u))

Let us multiply the above inequality by z; fori =1, --- , p, respectively, and add

them together. Since at least one of inequalities in (21) holds strictly, ; > 0 and
p

> 1 = 1, by using the sublinearity of F, we can obtain

i=1

P
0 > > 19;,(x)
i=1

. ; T
= Ot(x, M)GZ(M)F<_X, u; i f,»Vu Gl (u)fl(u)G?;l;JMohMo(u)>
i=1

—a(x, u)F(x, u; Gu)V, (v by, ())) + f 5,G(u) pid?(x, u)

i=1

P
+ 2 w(Gi(w) fi() + vy by () pid? (x, 1) — vy hpgy () G ().
i=1

Note that (u, 7, v) is dual feasible, and so it follows that

d Gi(u) fi ) + vy hagy () &
Zrivu G +k2=;V“U11T4kth(”) =0.

i=1
Hence, we have
)4
0 > Zrifbi(x)
i=1

> @, )G F(x, 45 — 3 Vil hag, (1))

k=1 » (22)

—a(x, u) F (x, u; G )V, (v by @) + Y- 76 (w) pid?(x, )
i=1

P
+ 2 T (Gi(w) fi() + vy B () pid? (x, 1) — vy By () G ().
i=1

On the other hand, by the (F, «, ¢;, d)-convexity of h;, j € My, we have
hj(x) —hj(u) = F(x,u; a(x, u)Vhiu) + ¢d*(x, u).

After multiplying the above inequality by v; for each j € My, we add them to-
gether. By the feasibility of x and (u, 7, v), G(u) > 0, v; > 0, and the sublinearity



EFFICIENCY CONDITIONS AND DUALITY FOR MULTIOBJECTIVE FPPS

of F, we get
—G) Y vihjw) = Gw)( Y vihj(x) — > vih;(u))
JjeMy JEMp JEMo
> G) Y viF(x,u;o(x,u)Vhj(u))
JEMy
+Gw) ¥ vjg;d*(x, u)
je Mo
> G(u)F(]x,u;a(x,u) Y v;jVhi(u))
JEMo
+Gu) Y v;gd®(x, u),
JEMo

that is,

—G vy, hyy () — G W) F (x, u; oe(x, u)V, (vl hpy(u)))
Mo"" Mo Mo"* Mo

>Gu) Y v;¢d?(x, u).
JEMo

Hence, by (22), we obtain

14
0 > Zricb(x)

i=1

q
> a(x, )G W) F(x,us = Y Viavyy b, (u)))
k=1

p
+) TG pd (x,u) + Gu) Y v;¢d*(x, u)

i=1 jeMy

P
+ %G W) fi W) + vz hug ) pid? (x, w).
i=1

467

(23)

Fork =1,2,---,q, j € Mg, by the (F, o, ¢;, d)-convexity of 4, the feasibility

of x and (u, 7, v), we obtain

q
0 = > vy, (hag (x) = hg ()
k=1

q
> Y ) vi(F(xusa(x, u)Vhw) + ¢;d* (x, u))

k=1 jeM;

q q
> Frouwsa(x,u) Y Vi b ) + Y Y v;¢d(x, u).
k=1

k=1 jeM;

(24)
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Multiplying (24) by G?(u) > 0 and adding it to (23), we have

0 > a(x, u)G*u)F(x,u; — i Vu(v,{,,kth(u)))
k=1

+£fiG(u)pid2(x,u)+G(u) > vgd*(x,u)

i=1 jeMyp

P
+ 2 w(Giu) fi ) + vy by ) pid? (x, u)
i=1
q

+a (x, w)GAu)F(x, u; Y V(v by, (1))
k=1

q
+G%w) ). Y. vigd*(x, u).

k=1 jeMy

Since G (u) > 0, dividing the two sides of the above inequality by G («) and using
the sublinearity of F', we obtain

Zfipi(l"i_ G(u) )+ Z Uj{j

. . T
0> ( L Gi(u) fi ()i hagy ()
i=1 JjE€Mo

q
+Gw) Y. Y. vj{j)dz(x,u),

k=1 jeM;

which contradicts (20). Hence, the conclusion of Theorem 3.5 holds. O

THEOREM 3.6. (Strong Duality) Assume that x is an efficient solution of (MFP)
and the constraint qualification (GGCQ) holds at x (Ref. [14]). Then there exists
(t,v) such that (x, T, v) is a feasible solution of (MFD3), and the objective func-
tion values of (MFP) and (MFD3) at x and (x, T, v), respectively, are equal. If the
assumptions and conditions in Theorem 3.5 are also satisfied, then (x, T, v) isan
efficient solution of (MFD3).

Proof. Since x is an efficient solution of (MFP) and (GGCQ) holds at x, there

p
existsT € R}, 7>0,).7; =1,v € R?” such that
i=1

- =y fi® m oo }
,;T' gi(f)Jr;U/ ;@) =0,
7' h(®) = 0. -

Since X is also feasible for (MFP), ;(x) < Ofor j =1,2,---, m. Hence, by (26)
and v; > 0, we have

Tpgohaty(F) =0,
Uy by, ) =0,k =1,2,--- ,q.
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It is easy to verify that
> 0 Vh @) = Z V(U h, (X)),

and, fori =1,---, p,

v/i® _ G fiE)
gl(X) TG

P
From (25) and ) T; = 1, we have
i=1

p
D RATE
" Gi®fiX) _
:;fivféch)’“ Ve, hMo<x>>+kZ;v T gy (D)
¢ GEOLD + GOV

I
'Pﬂ“

I
1N

G(x)

I
e

The above equations imply that

XPEVYGZ- @) fi(®) + G(x>vMohMo(x>
p G(x)
G(X) 0y hy, () =0,k =1,2, -
Gi(X) fi®) + G@)Vjghary X) =

Ty, G® € RM k=0,1,2,--- ¢

Z Ve (W, har, ()

q
Z V(@ h (%)) =0,

469

This indicates that (x, T, vG(x)) is also a feasible solution of (MFD3). Since
ﬁlﬂoh M, (X) = 0, the values of the corresponding objective functions of (MFP) and
(MFD3) are equal. Obviously, if the assumptions about the generalized convexity
of the related functions and other conditions in Theorem 3.5 are also satisfied, then

(x, T, vG(x)) is an efficient solution of (MFD3).

4. Concluding Remarks

O

In this paper, a unified formulation of the generalized convexity defined in [12]
is adopted, which includes many other generalized convexity concepts in optim-
ization theory as special cases. Our concept of generalized convexity is suitable
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to analyze the efficiency conditions and duality of multiobjective fractional pro-
gramming problems. Efficiency conditions and duality for a class of multiobjective
fractional programming problems are presented. We extend the methods, which
were adopted for single-objective fractional programming problems in [10, 12, 21],
to the case with multiple fractional objectives. We also present the extended Bector
type dual by using an equivalent formulation of the primal problem. Note that we
only consider (MFP) from a viewpoint of the efficient solution in this paper. The
methods used here can be extended to the study of (MFP) from a viewpoint of the
weak efficient solution.
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